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The author is mainly interest in the Gro¨bner-Shirshov bases of finite Coxeter groups.
It is known that the finite Coxeter groups are classified in terms of Coxeter-Dynkin
diagrams. Under the fixed order, it is worth mention that the presentation of
group determines the Gro¨bner-Shirshov bases of group. In this paper, the author
rearranges the generators, marks them on Coxeter-Dynkin diagrams, and gets a
simple presentation of the Gro¨bner-Shirshov bases for Coxeter groups of types
G2,F4,E6 and E7 . This article also gives the Gro¨bner-Shirshov basis of Coxeter
group of type E8 .
16S15; 20F55
1 Introduction
Let M = (mij) be a symmetric n× n matrix over natural numbers, with ∞ such that
mii = 1, 2 ≤ mij ≤ ∞ for i 6= j. The following presentation is in fact a presentation of
group which is called the Coxeter group W = W(M):
W = sgp〈s1, .., sn|(sisj)mij = 1, where 1 ≤ i, j ≤ n,mij 6=∞〉
In 1935, Coxeter classifies the finitie Coxeter groups in terms of Coxeter-Dynkin
diagrams [13]. For the purpose to understand the structure of Coxeter groups, we focus
on the noncommutative Gro¨bner bases theory, which is called the Gro¨bner-Shirshov
bases theory. The effecitve notion stems from Shirshov’s composition Lemma and his
algorithm [17, 18] for Lie algebras, and independently from Bchberger’s algorithm [11]
of computing Gro¨bner bases for commutative algebras. The Gro¨bner-Shirshov bases
for some Lie algebras and superalgebras were determined in [7, 1, 2, 3, 4, 5, 6]. In
2006, Bokut and Vesnin [9] applied Shirshov’s method to some braid groups. Bokut
considered the Coxeter groups of the types An,Bn,Dn in 2001 [8] and formulated a
general hypothesis about Gro¨bner-Shirshov bases of any Coxter group. In 2008, Lee
Denis [15] got the Gro¨bner-Shirshov bases for the Coxeter groups of types E6 and
E7 . In 2009, Yuqun Chen and Cihua Liu [12] gave an counter-example for the general
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hypothesis by Bokut in [8]. For non-crystallographic Coxeter groups, Jeong-Yup Lee
and Dong-IL Lee [16] calculated the Gro¨bner-Shirshov bases in 2018.
In this paper, we focus on the Coxeter groups of types G2,F4,E6,E7 and E8 . We
rearrange the generators of Coxeter groups to reduce time in computing, get a simple
presentation of Gro¨bner-Shirshov bases of the Coxeter groups of types G2,F4,E6 and
E7 , and obtain the Gro¨bner-Shirshov basis of the Coxeter group of type E8 . In Section
2, we introduce the Gro¨bner-Shirshov bases theory. The Gro¨bner-Shirshov bases for
Coxeter groups of type G2,F4,E6,E7,E8 will be set out in Section 3 and Section 4.
The computation is based on the the Non Commutative Algebra Packages run under
Mathematica made by Bill Helton and Mauricio de Oliveira at [14].
2 Preliminaries
Let K be a field, K〈X〉 be the non-commutative polynomial algebra generated by X where
X = {x1, ..., xn} is a finite set. Let X∗ = {u|u = xi1 ...xim ,m ≥ 0, i1, ..., im ∈ {1, ..., n}}
be the monoid generated by X , and define the identity by the empty word which is
denoted by 1. Denote the degree of a word w ∈ X∗ by |w|.
Definition 2.1 A total order σ on the set X∗ is called well-ordering, if every non-empty
subset of X∗ has a minimal element under the order σ .
Definition 2.2 A well-ordering σ on the set X∗ is called monomial, if for every
u, v ∈ X∗ ,
u <σ v ⇐⇒ w1uw2 <σ w1vw2, ∀w1,w2 ∈ X∗
Definition 2.3 The deg-lex order on the X∗ is defined as follows: ∀w1 = xi1 ...xim ,w2 =
xj1 ...xjs ∈ X∗ ,
w1 <deg−lex w2 ⇐⇒ or m < s, or m = s,w1 <lex w2
Example 2.4 For the set X = {x1, x2, x3}, under the deg-lex order, we have
1 < x1 < x2 < x3 < x21 < x1x2 < x1x3 < x2x1 < x
2
2 < x2x3 < ....
obviously, under the deg-lex order, X∗ is a well-ordering set, and the deg-lex order is
monomial.
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Under the monomial order σ on X∗ , every polynomial f ∈ K〈X〉 can be uniquely
represented as
f =
∑
i
ciwi,
where ci ∈ K \ {0},wi ∈ X∗ , and satisfy that wi <σ wj, if i < j.
Definition 2.5 • The monomial c1w1 is called the leading term of f with respect
to σ and denoted by LTσ(f ).
• c1 ∈ K \ {0} is called the leading coefficient of f with respect to σ and denoted
by LCσ(f ).
• w1 ∈ X∗ is called the leading word of f with respect to σ and denoted by LWσ(f )
or f¯ . The polynomial f is called monic if LCσ(f ) = 1.
Definition 2.6 For g ∈ K〈X〉,w ∈ X∗ , the K−module endomorphism
rg : K〈X〉 → K〈X〉
defined by
rg(w) =
{
w− agb, if ∃a, b ∈ X∗, s.t.w = ag¯b;
w, if ∀a, b ∈ X∗,w 6= ag¯b;
is called a reduction by g.
For a subset S = {g1, ..., gn} ∈ K〈X〉, f ∈ K〈X〉 is called a monomial which can
be reduced to 0 by S , if f can be reduced to 0 by a finite sequence of reduction
r1, r2, ..., rm(ri ∈ {rg|g ∈ S}). Then denote it by f S−→ 0. If not, we denote it by
f S−→ ¬0.
Definition 2.7 Under a monomial order σ on X∗ , given two monic polynomials
f , g ∈ K〈X〉, (f , g) defined by
(f , g) = {fb− ag|a, b ∈ X∗, f¯ b = ag¯, |f¯ |+ |g¯| > |f¯ b|} ∪ {f − agb|a, b ∈ X∗, f¯ = ag¯b}
is called the composition set of f and g.
Remark Generally, (f , g) is not equal to (g, f ) .
Under a monomial order σ , let S be a subset of {g ∈ K〈X〉|LC(g) = 1}, the ideal
generated by S is denoted by Ideal(S).
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Definition 2.8 S is called then Gro¨bner-Shirshov basis of Ideal(S) under the monomial
order σ , if ∀f , g ∈ S , all the elements of (f , g), (g, f ) can be reduced to 0 by S .
Now,we give the Shirshov algorithm about calculating the Gro¨bner-Shirshov basis. If
∀f , g ∈ S , all the elements of (f , g), (g, f ) can be reduced to 0 by S , then S is the
Gro¨bner-Shirshov basis of Ideal(S) under the monomial order σ ; If not, we add the
elements of the composition set which can not be reduced to 0 by S , and we get the set
S1 . Repeat the process ,we get S ⊂ S1 ⊂ S2 ⊂ .... If we get a set Sm satisfiying that
∀f , g ∈ Sm , all the elements of (f , g), (g, f ) can be reduced to 0 by Sm , then we denote
Sm = Sc , and have that Ideal(Sc)=Ideal(S). The set Sc is exactly the Gro¨bner-Shirshov
basis of Ideal(S). This process is called Shirshov algorithm. It’s worth to mention that
m is not always finite and Sm is not always a finite set.
Definition 2.9 A Gro¨bner-Shirshov basis S = {f1, ..., fn} ⊂ K〈X〉 under the monomial
order σ is called reduced if ∀1 ≤ i, j ≤ n, i 6= j, f¯i 6= af¯jb for ∀a, b ∈ X∗ .
Let A = sgp〈X|R〉 be a semigroup presentation. Under a monomial order σ ,
R = {ui = vi|ui, vi ∈ X∗, vi <σ ui}, corresponds to a subset S = {ui − vi|ui, vi ∈
X∗, vi <σ ui} ⊂ K〈X〉. The ideal generated by S is denoted by Ideal(S). The set Sc got
by Shirshov algorithm is called the Gro¨bner-Shirshov basis of the semigroup A.
Lemma 2.10 (Composition-Diamond Lemma [8]) Sc is a Gro¨bner-Shirshov basis if
and only if the set
{u ∈ X∗|u 6= af¯ b, f ∈ Sc}
of Sc−reduced words consists of a linear bases of the algebra 〈X|R〉 which is the
factor-algebra of K〈X〉 by the ideal generated by R.
We focus on finite Coxeter groups. By [10], the Coxeter-Dynkin diagram of any
irreducible finite Coxeter group is ismorphic to one of the diagram in Figure 1.
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An
Bn
Dn
E6
E7
E8
F4
G2
H3
H4
I2(p)
4
4
6
5
5
p
(p=5 or p≥7)
(n≥1 vertices)
   (n≥2 vertices)
(n≥4 vertices)
Figure 1: The Coxeter-Dynkin diagrams of irreducible finite Coxeter groups
For the Coxeter groups of the types An,Bn,Dn , Bokut computed the Gro¨bner-Shirshov
bases in [8]. We will set out the Gro¨bner-Shirshov bases for the coxeter groups of the
types G2,F4,E6,E7 and E8 in the following sections.
It is significant that the presentation of group determines the computation of the Gro¨bner-
Shirshov bases under the fixed order. In the following sections, we fix the deg-lex
order and mark the generators xi on Coxeter-Dynkin diagrams. Thus we get a new
presentation of Coxeter groups, and get the Gro¨bner-Shirshov bases in simple forms.
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3 Gro¨bner−Shirshov bases of the Coxeter groups of the type
G2, F4
For the Coxeter group of type G2 , we marked the generators on the Coxeter-Dynkin
diagram of G2 which is as Figure 2.
G2
6
x1 x2
Figure 2: The Coxeter-Dynkin diagram of G2
This means that the initial relations are
θ1i = x
2
i − 1, i = 1, 2
θ2 = (x2x1)3 − (x1x2)3.
After the computation on Mathematica, the Gro¨bner-Shirshov basis of the Coxeter
group of the type G2 is as follows:
θ1i = x
2
i − 1, i = 1, 2
θ2 = (x2x1)3 − (x1x2)3.
As the same, for the Coxeter group of type F4 , we marked the generators on the
Coxeter-Dynkin diagram of F4 which is as Figure 3.
F4
4
x1 x2 x3 x4
Figure 3: The Coxeter-Dynkin diagram of F4
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This means that the initial relations are
θ1i = x
2
i − 1, i = 1, 2, 3, 4
θ2 = x4x3x4 − x3x4x3
θ3 = x4x2 − x2x4
θ4 = x4x1 − x1x4
θ5 = x3x2x3x2 − x2x3x2x3
θ6 = x3x1 − x1x3
θ7 = x2x1x2 − x1x2x1
After the computation on Mathematica, the Gro¨bner-Shirshov basis of the Coxeter
group of the type F4 is as follows:
θ1i = x
2
i − 1, i = 1, 2, 3, 4
θ2 = x4x3x4 − x3x4x3
θ3 = x4x2 − x2x4
θ4 = x4x1 − x1x4
θ5 = x3x2x3x2 − x2x3x2x3
θ6 = x3x1 − x1x3
θ7 = x2x1x2 − x1x2x1
α1 = x3x2x1x3x2x1 − x2x3x2x3x1x2
α2 = x4x3x2x4 − x3x4x3x2
α3 = x4x3x2x3x4x3 − x3x4x3x2x3x4
α4 = x4x3x2x1x4 − x3x4x3x2x1
α5 = x4x3x2x1x3x4x3 − x3x4x3x2x3x4x1
α6 = x4x3x2x1x3x2x4x3x2x3 − x3x4x3x2x3x4x1x2x3x2
α7 = x4x3x2x1x3x2x4x3x2x1x3 − x3x4x3x2x3x4x1x2x3x2x1
α8 = x4x3x2x1x3x2x3x4x3x2x3x4 − x3x4x3x2x3x4x1x2x3x2x4x3
α9 = x4x3x2x1x3x2x3x4x3x2x1x3x4 − x3x4x3x2x3x4x1x2x3x2x1x4x3
α10 = x4x3x2x1x3x2x3x4x3x2x1x3x2x4 − x3x4x3x2x3x4x1x2x3x2x1x4x3x2
α11 = x4x3x2x1x3x2x3x4x3x2x1x3x2x3x4x3 − x3x4x3x2x3x4x1x2x3x2x1x4x3x2x3x4
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4 Gro¨bner−Shirshov bases of the Coxeter groups of the types
E6, E7, E8
For the Coxeter groups of types En , we marked the generators on the Coxeter-Dynkin
diagram of En which is as Figure 4:
En
x4x6 x3 x2 x1 x0 x-1
x5
x8-n x7-n
(n≥6 vertices)
Figure 4: The Coxeter-Dynkin diagram of the Coxeter groups of types En
This means that for the Coxetet groups of the types En , we have the initial relations as
follows:
θ1i = x
2
i − 1 7− n ≤ i ≤ 5
θ2i = xi+1xixi+1 − xixi+1xi 7− n ≤ i ≤ 3
θ3i,j = xixj − xjxi 7− n ≤ j + 1 < i ≤ 4
θ4i = x5xi − xix5 i 6= 6, 5, 3
θ5 = x5x3x5 − x3x5x3
ε1 = x26 − 1
ε2 = x6x4x6 − x4x6x4
ε3i = x6xi − xix6 i 6= 4, 6
Let n = 6, 7, 8, they are initial relations of finite Coxeter groups of types E6,E7 and
E8 . We denote that
xi,j = xixi−1xi−2...xj, i > j; xii = xi, xi,i+1 = 1;
x
′
i,j = xixi−2xi−3...xj, i > j + 1; x
′
i,i−1 = xi, x
′
i,i = 1.
And we obtain the following Gro¨bner-Shirshov bases via the computation on Mathe-
matica:
Gro¨bner-Shirshov bases for the Coxeter groups of the types G2,F4,E6,E7 and E8 9
The Gro¨bner-Shirshov basis of the Coxeter group of the type E6 is as follows:
θ1i = x
2
i − 1 1 ≤ i ≤ 5
θ2i = xi+1xixi+1 − xixi+1xi 1 ≤ i ≤ 3
θ3i,j = xixj − xjxi 1 ≤ j + 1 < i ≤ 4
θ4i = x5xi − xix5 i 6= 3, 5, 6
θ5 = x5x3x5 − x3x5x3
ε1 = x26 − 1
ε2 = x6x4x6 − x4x6x4
ε3i = x6xi − xix6 i 6= 4, 6
α1i,j = xi+1,jxi+1 − xixi+1,j 1 ≤ j < i ≤ 3
α25,j = x
′
5,jx5 − x3x
′
5,j 1 ≤ j ≤ 2
β1i = x
′
5,ix4,i − x4x
′
5,ix4,i+1 1 ≤ i ≤ 3
β2i = x
′
5,ix4x5 − x3x
′
5,ix4 1 ≤ i ≤ 3
β3i,j = x
′
5,ix4,jx
′
5,j − x3x
′
5,ix4,jx
′
5,j+1 1 ≤ i < j ≤ 3
ηi = x
′
6,ix
′
5,i − x5x
′
6,ix
′
5,i+1 1 ≤ i ≤ 4
ξi,j = x
′
6,ix
′
5,jx6 − x4x
′
6,ix
′
5,j 1 ≤ i < j ≤ 5
λi,j,k = x
′
6,ix
′
5,jx4,kx
′
6,k − x4x
′
6,ix
′
5,jx4,kx
′
6,k+1 1 ≤ i < j < k ≤ 4
ν1,2,3,l = x
′
6,1x
′
5,2x4,3x5x
′
6,lx5 − x4x
′
6,1x
′
5,2x4,3x5x
′
6,l 1 ≤ l ≤ 3
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The Gro¨bner-Shirshov basis of the Coxeter group of the type E7 is as follows:
θ1i = x
2
i − 1 0 ≤ i ≤ 5
θ2i = xi+1xixi+1 − xixi+1xi 0 ≤ i ≤ 3
θ3i,j = xixj − xjxi 0 ≤ j + 1 < i ≤ 4
θ4i = x5xi − xix5 i 6= 3, 5, 6
θ5 = x5x3x5 − x3x5x3
ε1 = x26 − 1
ε2 = x6x4x6 − x4x6x4
ε3i = x6xi − xix6 i 6= 4, 6
α1i,j = xi+1,jxi+1 − xixi+1,j 0 ≤ j < i ≤ 3
α25,j = x
′
5,jx5 − x3x
′
5,j 0 ≤ j ≤ 2
β1i = x
′
5,ix4,i − x4x
′
5,ix4,i+1 0 ≤ i ≤ 3
β2i = x
′
5,ix4x5 − x3x
′
5,ix4 0 ≤ i ≤ 3
β3i,j = x
′
5,ix4,jx
′
5,j − x3x
′
5,ix4,jx
′
5,j+1 0 ≤ i < j ≤ 2
ηi = x
′
6,ix
′
5,i − x5x
′
6,ix
′
5,i+1 0 ≤ i ≤ 4
ξi,j = x
′
6,ix
′
5,jx6 − x4x
′
6,ix
′
5,j 0 ≤ i < j ≤ 5
λi,j,k = x
′
6,ix
′
5,jx4,kx
′
6,k − x4x
′
6,ix
′
5,jx4,kx
′
6,k+1 0 ≤ i < j < k ≤ 4
νi,j,k,l = x
′
6,ix
′
5,jx4,kx5x
′
6,lx5 − x4x
′
6,ix
′
5,jx4,kx5x
′
6,l 0 ≤ i < j < k ≤ 3, 0 ≤ l ≤ k
µ0,1,2,l,m = x
′
6,0x
′
5,2x4,2x
′
5,3x
′
6,lx
′
5,mx4 − x4x
′
6,0x
′
5,1x4,2x
′
5,3x
′
6,lx
′
5,m 0 ≤ l < m ≤ 2
f = x
′
6,0x
′
5,1x4,2x
′
5,3x4x
′
6,ix
′
5,jx4,kx
′
5,lx4,mx
′
6,m
− x4x′6,0x
′
5,1x4,2x
′
5,3x4x
′
6,ix
′
5,jx4,kx
′
5,lx4,mx
′
6,m+1 0 ≤ i < j < k < l ≤ 5, 0 ≤ l < m ≤ 5
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The Gro¨bner-Shirshov basis of the Coxeter group of the type E8 is as follows:
θ1i = x
2
i − 1 −1 ≤ i ≤ 5
θ2i = xi+1xixi+1 − xixi+1xi −1 ≤ i ≤ 3
θ3i,j = xixj − xjxi −1 ≤ j + 1 < i ≤ 4
θ4i = x5xi − xix5 i 6= 3, 5, 6
θ5 = x5x3x5 − x3x5x3
ε1 = x26 − 1
ε2 = x6x4x6 − x4x6x4
ε3i = x6xi − xix6 i 6= 4, 6
α1i,j = xi+1,jxi+1 − xixi+1,j −1 ≤ j < i ≤ 3
α25,j = x
′
5,jx5 − x3x
′
5,j −1 ≤ j ≤ 2
β1i = x
′
5,ix4,i − x4x
′
5,ix4,i+1 −1 ≤ i ≤ 3
β2i = x
′
5,ix4x5 − x3x
′
5,ix4 −1 ≤ i ≤ 3
β3i,j = x
′
5,ix4,jx
′
5,j − x3x
′
5,ix4,jx
′
5,j+1 −1 ≤ i < j ≤ 2
ηi = x
′
6,ix
′
5,i − x5x
′
6,ix
′
5,i+1 −1 ≤ i ≤ 4
ξi,j = x
′
6,ix
′
5,jx6 − x4x
′
6,ix
′
5,j −1 ≤ i < j ≤ 5
λi,j,k = x
′
6,ix
′
5,jx4,kx
′
6,k
− x4x′6,ix
′
5,jx4,kx
′
6,k+1 −1 ≤ i < j < k ≤ 4
νi,j,k,l = x
′
6,ix
′
5,jx4,kx5x
′
6,lx5
− x4x′6,ix
′
5,jx4,kx5x
′
6,l −1 ≤ i < j < k ≤ 3,−1 ≤ l ≤ k
µ0,1,2,l,m = x
′
6,0x
′
5,2x4,2x
′
5,3x
′
6,lx
′
5,mx4
− x4x′6,0x
′
5,1x4,2x
′
5,3x
′
6,lx
′
5,m −1 ≤ l < m ≤ 2
δi,j,k,l,m,p = x
′
6,ix
′
5,jx4,kx
′
5,3x4x
′
6,lx
′
5,mx4,px
′
6,k+3
− x4x′6,ix
′
5,jx4,kx
′
5,3x4x
′
6,lx
′
5,mx4,px
′
6,k+4
−1 ≤ i < j < k ≤ 2,−1 ≤ l < m < p ≤ k + 2
ρi,j,k,l,m = x
′
6,ix
′
5,jx4,kx
′
5,2x
′
6,lx
′
5,mx4,px
′
5,k+3
− x4x′6,ix
′
5,jx4,kx
′
5,2x
′
6,lx
′
5,mx4,px
′
5,k+4
−1 ≤ i < j < k ≤ 1,−1 ≤ l < m < p ≤ k + 2
ϕ1 = x
′
6,−1x
′
5,0x4,1x
′
5,3x4x
′
6,lx
′
5,mx4,px
′
5,qx
′
6,q
− x4x′6,−1x
′
5,0x4,1x
′
5,3x4x
′
6,lx
′
5,mx4,px
′
5,qx
′
6,q+1 −1 ≤ l < m < p < q ≤ 4
ϕ2 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4x
′
6,lx
′
5,mx4,px
′
5,qx
′
6,p
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4x
′
6,lx
′
5,mx4,px
′
5,qx
′
6,p+1 −1 ≤ l < m < p < q ≤ 4
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f1 = x
′
6,i1x
′
5,i2x4,2x
′
5,3x4x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x6
− x4x′6,i1x
′
5,i2x4,2x
′
5,3x4x
′
6,j1x
′
5,j2x4,j3x
′
5,j4 −1 ≤ i1 < i2 ≤ 1,−1 ≤ j1 < ... < j4 ≤ 4
f2 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x
′
6,j2
− x4x′6,−1x
′
0x4,1x
′
5,2x4,3x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x
′
6,j2+1 −1 ≤ j1 < ... < j4 ≤ 4
f3 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x
′
6,j1
− x4x′6,−1x
′
0x4,1x
′
5,2x4,3x5x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x
′
6,j1+1 −1 ≤ j1 < ... < j4 ≤ 4
f4 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j3
− x4x′6,−1x
′
0x4,1x
′
5,2x4x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j3+1 −1 ≤ j1 < ... < j5 ≤ 4
f5 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j2
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j2+1 −1 ≤ j1 < ... < j5 ≤ 4
f6 = x
′
6,−1x
′
5,0x4,1x
′
5,3x4x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j4
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j4+1 −1 ≤ j1 < ... < j5 ≤ 4
f7 = x
′
6,i1x
′
5,i2x4,2x
′
5,3x4x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j5
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j5+1 −1 ≤ i1 < i2 ≤ 1,−1 ≤ j1 < ... < j5 ≤ 4
f8 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j1
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,j1x
′
5,j2x4,j3x
′
5,j4x4,j5x
′
6,j1+1 −1 ≤ j1 < ... < j5 ≤ 4
f9 = x
′
6,i1x
′
5,i2x4,2x
′
5,3x4x5x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,k1x5
− x4x′6,i1x
′
5,i2x4,2x
′
5,3x4x5x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,k1 −1 ≤ i1 < i2 ≤ 1,−1 ≤ k1 ≤ 3
f10 = x
′
6,−1x
′
5,0x4,1x
′
5,i4x4x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,k1x
′
5,i4
− x4x′6,i1x
′
5,i2x4,1x
′
5,i4x4x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,k1x
′
5,i4+1 −1 ≤ 1 < i4 ≤ 3,−1 ≤ k1 < i4
f11 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,k1x
′
5,1
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4,3x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,k1x
′
5,2 −1 ≤ k1 ≤ 0
f12 = x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,−1x
′
5,0
− x4x′6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,−1x
′
5,0x4,1x
′
5,2x4,3x5x
′
6,−1x
′
5,1
Remark For the Coxeter-Dynkin diagram of En which is as Figure 4, let n = 9, it
is actually the affine Coxeter group E˜8 . The presentation of group En we defined can
also be used to calculate the Gro¨bner-Shirshov basis of affine Coxeter group E˜8 via
Mathematica.
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